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A NOTE ON CONVERGENCE OF DOUBLE SEQUENCES IN A
TOPOLOGICAL SPACE
AMAR KUMAR BANERJEE1 AND RAHUL MONDAL2
Abstract. In this paper we have shown that a double sequence in a topological space satisfies
certain conditions which in turn are capable to generate a topology on a non empty set. Also
we have used the idea of I-convergence of double sequences to study the idea of I-sequentially
compactness [3] in the sense of double sequences.
1. Introduction
The idea of convergence topology on a non empty set i.e., the limit space arises from the prop-
erties of convergent sequence in a topological space. Indeed a sequence in a topological space
satisfies the following conditions L(1) to L(3) in respect of convergence which in turn are ca-
pable to generate a topology on a non empty set which is called convergence topology and the
topological space thus obtained is called limit space.
L(1): For every element p ∈ X , the sequence x = {xi} where xi = p for all i ∈ N, converges to
p.
L(2): Addition of finite numbers of terms to a convergent sequence affects neither its conver-
gence nor the limit or limits to which it converges.
L(3): If a sequence x = {xi} converges to a limit p, then every subsequence of it also converges
to the same limit p.
Thus in a topological space (X, τ), as the family of convergent sequences satisfies the conditions
L(1) to L(3), it generates another topology σ on X. Infact this topology σ if finer then τ .
Here analogously we see that a double sequence in a topological space also satisfies such
three types of similar conditions in respect of Pringsheim convergence [21] of double sequences.
But these three conditions do not enable to yield such type of convergence topology on a non
empty set. However a double sequence also satisfies two other conditions in a modified form
of which the first one together with the conditions L(1) and L(2) is sufficient to generate the
convergence topology and second condition is necessary to correlate the convergence topology
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with the original topology.
The notion of statistical convergence of sequences was given by H. Fast [8] and I. J. Schoen-
berg [23] as an extension of the notion of convergence a real sequence. Later the idea of
statistical convergence was extended to the notion of I-convergence of real sequences ([11], [12]
) using the idea of ideal I of subsets of the set of natural numbers. Many works were done in
([1],[4],[11],[12],[14],[17] ) on I-convergence and statistical convergence.
For a double sequence the idea of statistical convergence was introduced by Muresaleen and
Edely [18] and by Mo´ricz [19] who introduced the notion statistical convergence for multiple
sequences. In [6] the idea of I-convergence was introduced for double sequences. Many works
have been done on I-convergence of double sequences in ([2], [5], [24]).
Recently some important properties on I-convergence and I∗-convergence of sequences and
nets have been studied in a topological space and the idea of I-sequentially compactness in
a topological space has been given in [3]. Here we also investigate some properties on the
I-convergence of double sequences in a topological space and analogously study the idea of
I-sequentially compactness in the sense of double sequences.
2. Preliminaries
Definition 2.1. ([21]) A double sequence {xij} in a topological space (X, τ) is said to converge
to a point ξ ∈ X in the Pringsheim’s sense if for every open set U containing ξ, there exists a
k ∈ N such that xij ∈ U for all i > k and j > k.
The element ξ is called Pringsheim limit of the double sequence {xij} and is denoted by P −
limi,j→∞xij = ξ.
Throughout such type of convergence of double sequences will be called P-convergence or
simply convergence. The Pringsheim’s limit of a double sequence will be called P-limit or
simply limit of the double sequence.
Definition 2.2. ([13]) If X is a non-void set then a family of sets I ⊂ 2X is called an ideal if
(i) A,B ∈ I implies A ∪ B ∈ I and
(ii) A ∈ I, B ⊂ A imply B ∈ I.
The ideal is called nontrivial if I 6= {∅} and X /∈ I. A nontrivial ideal I is called admissible if
it contains all the singleton sets. Several examples of nontrivial admissible ideals may be seen
in [11].
Throughout X denotes a topological space, R for the set of all real numbers, N for the set
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of all natural numbers, Ac denotes the complement of the set A and I stand for a non trivial
ideal of N× N unless otherwise stated.
Definition 2.3. ([13]) A nonempty family F of subsets of a non-void set X is called a filter if
(i) ∅ /∈ F
(ii) A,B ∈ F implies A ∩ B ∈ F and
(iii) A ∈ F, A ⊂ B imply B ∈ F.
If I is a nontrivial ideal on X then F = F(I) = {A ⊂ X : X \ A ∈ I} is clearly a filter on X
and conversely.
Definition 2.4. ([6]) A non trivial ideal I on N × N is called strongly admissible if {i} × N
and N× {i} belong to I for each i ∈ N.
It should be noted that a strongly admissible ideal is also admissible.
Definition 2.5. ([6]) A double sequence x = {xij} in a topological space (X, τ) is said to be I-
convergent to x0 ∈ X if for any nonempty open set U containing x0, {(m,n) ∈ N× N : xmn /∈ U} ∈
I.
In this case we say that x0 is the I-limit of x and we write I − limxj,k = x0. If I is strongly
admissible, then clearly P -convergence of x implies I-convergence of x. But it should be noted
that converse may not hold.
In [6] it is seen that there are ideals ofN×N for which I-convergence coincides with Pringsheim
convergence.
Definition 2.6. ([7]) Let x = {xij} be a double sequence in a topological space (X, τ). Then y ∈
X is called an I-cluster point of x if for every open set U containing y, {(m,n) ∈ N× N : xmn ∈ U} /∈
I.
3. d-limit space
The addition of terms in a double sequence is not simple as in the case of a single sequence.
We now explain the method of addition of terms in a double sequence which can be done in
two ways as follows.
(a) By shifting the elements of a particular row:
Let {xij} be a double sequence in a topological space (X, τ). If for some fixed m ∈ N we insert
an additional term y between two terms xmn and xmn+1, for n ∈ N, then we get a new double
sequence {yij} such that for i = m, yij = xij when j ≤ n, yij = y when j = n+1 and yij = xij−1
when j > n + 1 and for i 6= m, yij = xij for all j ∈ N.
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(b) By shifting the elements of a particular column:
Similarly for some fixed n ∈ N, we can insert y between xmn and xm+1n for some m ∈ N. In
this case if the new double sequence formed be {yij}, then for j = n, yij = xij when i ≤ m,
yij = y when i = m+ 1, yij = xi−1j when i > m+ 1 and for j 6= n, yij = xij for all i ∈ N.
When we add finite number of terms y1, y2, . . . yr to a double sequence {xij}, we take an ar-
bitrary member from the above r-terms say yi, 1 ≤ i ≤ r and we add yi to the double sequence
{xij} as in the above process and a new double sequence {yij} thus obtained. Then we take
another member yj, 1 ≤ j ≤ r , j 6= i and adding yj to the double sequence {yij} we will have
a new double sequence {zij}(say). Then continue the above process r-times to get the final
double sequence by addition of finite number of terms y1, y2, . . . yr.
Note 3.1. It should be noted that if {xij} is a double sequence in a topological space (X, τ)
converging to a point p ∈ X , then the sequence {xi} defined by xi = xii for all i ∈ N, converges
to p.
Theorem 3.1. In a topological space (X, τ), the following statements holds for a convergent
double sequence.
(i) For every element p ∈ X, the double sequence x = {xij} where xij = p for all (i, j) ∈ N×N,
converges to p.
(ii) Addition of finite numbers of terms to a convergent double sequence affects neither its con-
vergence nor the limit or limits to which it converges.
(iii) If {xij} is a convergent double sequence in A ∪ B which converges to p, where A and B
are two non empty disjoint subsets in X, then there exists a double sequence {yij} (whose range
is a subset of the range set of {xij}) either in A or in B consisting of infinitely many terms of
{xij} converging to p.
(iv) If {xij} is a double sequence converging to a point p and if a sequence {xn} be formed such
that, for each n ∈ N, xn equals to some xij where i > n and j > n. Then the double sequence
{yij} where for each i ∈ N, yij = xi for all j ∈ N, converges to p.
Proof. (i) Any open set containing p, contains all the terms of the double sequence x and hence
it converges to p.
(ii) Let x = {xij} be a double sequence converging to l. Then for any open set U containing l,
there exists a positive integer m such that xij ∈ U for all i > m and j > m. Now let r-terms
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y1, y2, . . . yr be added to the double sequence x and the new double sequence formed be {zij}.
So there exists (p, q) ∈ N × N such that for each s, 1 ≤ s ≤ r, ys = zisjs where is ≤ p and
js ≤ q and zij = xij , for i > p and j > q. Now let k be a positive integer greater then m + p
and m+ q then zij ∈ U for all i > k and j > k. Hence {zij} is also converges to l.
(iii) Let {xij} be a double sequence in A∪B converging to p where A and B are two nonempty
disjoint sets in X. We consider the sequence {xi} where xi = xii for all i ∈ N. Clearly {xi} is
in A ∪ B which also converges to p. Now at least one of A or B must contains a subsequence
of {xi}, which converges to p. Without any loss of generality we suppose that A contains a
subsequence {xik} of {xi} converging to p. Now let us consider a double sequence {ykj} where
for each k ∈ N, ykj = xik for all j ∈ N. Let U be any open set containing p. Then there exists
a m ∈ N such that xik ∈ U for all k > m. Hence for all k > m and j > m, ykj ∈ U . Therefore
{ykj} converges to p.
(iv) Let U be an open set containing p. Then there exists a k ∈ N such that xij ∈ U for all
i > k and j > k. Hence xn ∈ U for all n > k, since for n > k, xn = xij for some i, j ∈ N such
that i > n > k and j > n > k. Therefore yij ∈ U for all i > k and j > k. Hence the double
sequence {yij} converges to p.

Let x = {xij} be a double sequence and let {ip} and {jq} be two strictly increasing sequences
of natural numbers. Then
{
xipjq
}
is said to be a subsequence of x. It should be noted that if
A and B are two non empty disjoint sets in a topological space and if x = {xij} is a double
sequence in A ∪B, then neither of A and B may contain a subsequence of x.
Theorem 3.2. If G be an open set in a topological space (X, τ) then no double sequence lying
in X \G has any limit in G.
The proof is straightforward and so is omitted.
Theorem 3.3. Let X be a given set and let Ω be a class of double sequences over X. Let the
members of Ω be called convergent double sequences and let each convergent double sequence
be associated with an element of X called limit of the convergent double sequence subject to the
conditions (i) to (iv) as stated in theorem 3.1.
Now let a subset G of X be called open if and only if no convergent double sequence lying in
X \G has any limit in G. Then the collection of open sets thus obtained forms a topology τ on
X.
Proof. Since φ contains no element and no convergent double sequence can lie outside X, it
follows that X and φ are open sets.
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Let {Gα}α∈∧ be a collection of open sets, where ∧ is an arbitrary indexing set. Let G =
⋃
α∈∧Gα
and let us consider a convergent double sequence x = {xij} in G
c. Then x will be in Gcα for all
α ∈ ∧. Hence x can not have a limit in Gα for all α ∈ ∧. Therefore x can not have a limit in
G. Thus G is open.
Now let G and H be two open sets and if possible let x = {xij} be a convergent double sequence
in (G∩H)c, which has a limit p in G∩H . So by the condition (iii) at least one of (G∪H)c and
(G ∩ Hc) ∪ (Gc ∩ H) must contain a convergent double sequence whose range set is a subset
of range set of x and which has a limit p. If (G ∪ H)c contains a convergent double sequence
y = {yij} whose range set is a subset of the range set of x = {xij} and which has a limit
p in G ∩ H ⊂ G ∪ H , then it will contradict the fact that G ∪ H is open. So suppose that
(G ∩ Hc) ∪ (Gc ∩ H) contains a convergent double sequence y = {yij} whose range set is a
subset of range set of x = {xij} and which has a limit p. Then again by the condition (iii) at
least one of (G ∩Hc) and (Gc ∩H) must contains a convergent double sequence say z = {zij}
whose range set is a subset of range set of y and which has a limit p. Without any loss of
generality assume that (G ∩Hc) contains the convergent double sequence z = {zij}. Then we
have a convergent double sequence z = {zij} in H
c which has a limit p in H, but this is again
a contradiction to the fact that H is open. Hence no convergent double sequence in (G ∩H)c
can have a limit in (G ∩H). Therefore (G ∩H) is open. Thus τ forms a topology on X. 
We call the topology defined above the convergence topology on X and (X, τ) is called the
double limit space or in short d-limit space.
Theorem 3.4. Let X be a d-limit space with Ω as the given collection of convergent double
sequences and τ be the resulting convergence topology on X. If Σ is the collection of all convergent
double sequences determined by the topology τ on X, then Ω ⊂ Σ.
Proof. Suppose x = {xij} be a member of Ω and l be a limit of x. Let U be an open set in the
d-limit space (X, τ) containing l. We claim that there exists a k ∈ N such that xij ∈ U for all
i > k and j > k. For otherwise, for every m ∈ N, there exists a xij ∈ U
c where i > m and
j > m. Then we can construct a sequence {xn} in U
c where for each n ∈ N, xn equals to some
xij, where i > n and j > n. Hence the double sequence {yij} where for each i ∈ N, yij = xi for
all j ∈ N, converges to l, by the condition (iv). Therefore we have a double sequence {yij} in
U c which has a limit in U. This contradicts to the fact that U is open. Hence {xij} converges
to l with respect to τ and so x ∈ Σ. 
Theorem 3.5. Let Γ be the family of all convergent double sequences in a topological space
(X, τ) and τ
′
be the convergence topology on X determined by the family Γ. Then τ ⊂ τ
′
.
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Proof. Indeed each member of Γ satisfies the conditions (i) to (iv), by theorem 3.1. Let G be
a τ -open set. If possible let G be not τ
′
-open. Then there exists a double sequence x = {xij}
in Gc which has a limit p in G in the sense of theorem 3.3. Since G is τ -open set and p ∈ G.
So there exists a positive integer m such that xij ∈ G for all i > m and j > m. This is a
contradiction to the fact that x = {xij} is in G
c. Hence G must be τ
′
-open. 
4. I-convergence of double sequences
Recall that a point p in a topological space (X, τ) is called an ω-accumulation point of a subset
A if every neighbourhood of p intersects A in infinitely many points.
Theorem 4.1. Let I be a non trivial ideal of the set N × N consisting of all finite subsets of
N × N. If every infinite set in a topological space (X, τ) has an ω-accumulation point, then
every double sequence {xij} has an I-cluster point.
Proof. Let {xij} be a double sequence in X. If the range set of {xij} is infinite then let us denote
it by M. Then M has an ω-accumulation point y (say). Now let V be an open set containing y.
Then clearly V contains infinitely many members of M. Hence the set {(i, j) ∈ N× N : xij ∈ V }
is infinite. Therefore {(i, j) ∈ N× N : xij ∈ V } /∈ I. Thus y becomes I-cluster point of {xij}.
If the range set of {xij} is finite then there exists a y ∈ X such that xij = y for infinitely many
(i, j) ∈ N×N. Then for every open set V containing y, {(i, j) ∈ N× N : xij ∈ V } is an infinite
set. Hence {(i, j) ∈ N× N : xij ∈ V } /∈ I. Thus y becomes an I-cluster point of {xij}. 
Note 4.1. The converse of the above result is also true in a topological space for a single
sequence. But for a double sequence the converse holds if the ideal I contains all sets of the
form H × N, where H is a finite subset of N.
Theorem 4.2. Let I be a non trivial ideal of the set N×N which contains the subsets of N×N
of the form H×N, where H is a finite subset of N. Then if every double sequence in a topological
space (X, τ) has an I-cluster point, then every infinite subset of X has an ω-accumulation point.
Proof. Suppose that every double sequence in (X, τ) has an I-cluster point. Let A be an infinite
subset of X. Then there exists a sequence {ai}i∈N of distinct points of A. Now let us define a
double sequence {xij} in A where for each i ∈ N, xij = ai for all j ∈ N. Let y be an I-cluster
point of {xij}. Then for any open set V containing y, {(i, j) ∈ N× N : xij ∈ V } /∈ I. Hence V
contains infinitely many members of A. Hence y becomes ω-accumulation point of A. 
Theorem 4.3. Let I be an non trivial ideal of N×N containing all the sets of the form H×N,
where H is a finite subset of N. If (X, τ) is a Lindelo¨f space such that every double sequence
has an I-cluster point then (X, τ) is compact.
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Proof. Let A = {Aα : α ∈ Λ} be an open cover for X, where Λ is an arbitrary indexing set.
Since X is Lindelo¨f, there exists a countable sub cover {A1, A2, . . . An . . . } (say) of A for X.
Let B1 = A1 and for each m > 1 let Bm be the first member of Ai’s which is not covered by
B1∪B2∪· · ·∪Bm−1. If this choice becomes impossible at any stage then the collection of selected
sets becomes a finite sub cover for X. Otherwise we can construct a countable family {Ci}i∈N
of sets as follows: C1 = B1 = A1, C2 = B2 \ B1, C3 = B3 \ B1 ∪ B2, ..............................and
so on. Then clearly Ci ∩ Cj = φ for i 6= j and Ci 6= φ for all i ∈ N. For each i ∈ N let
us choose an arbitrary element ai in Ci and construct a double sequence {xij} where for each
i ∈ N, xij = ai for all j ∈ N. Now let y be an I-cluster point of {xij} and let y ∈ Bp. So the
set M = {(i, j) ∈ N× N : xij ∈ Bp} /∈ I. Since I contains all the sets of the form H ×N where
H is a finite subset of N, M must be of the form H ×K where H is an infinite subset of N. So
there exists m > p such that xmn ∈ Bp. According to the construction, xmn = am must belong
to any one of C1, C2 . . . Cp but xmn /∈ Cm, since m > p. By the construction of the double
sequence, xmn = am must belongs to Cm, which is a contradiction. Thus the result follows. 
Definition 4.1. (cf. [3]) A topological space (X, τ) is said to be I-sequentially compact in the
sense of double sequences if every double sequence in X has an I-cluster point where I is a
non-trivial ideal of the set N× N.
Theorem 4.4. Let I be a non trivial ideal of N×N containing all the sets of the form H ×N,
where H is a finite subset of N. Then if (X, τ) is I-sequentially compact, (X, τ) becomes a
countably compact space.
Proof. Let (X, τ) be an I-sequentially compact space. If possible let {Vn}
∞
n=1 be a countable
open cover of X which has no finite subcover. Hence X \
⋃n
i=1 Vi 6= φ for all n ∈ N. Now let us
take an arbitrary element an ∈ X \
⋃n
i=1 Vi for each n ∈ N and consider the double sequence
{xij} where for each n ∈ N, xij = ai for all j ∈ N. Now the double sequence {xij} has an
I-cluster point x0(say) in X, since (X, τ) is I-sequentially compact. Let x0 ∈ Vr for some r ∈ N.
Then from the definition of I-cluster point, the set M = {(i, j) ∈ N× N : xij ∈ Vr} /∈ I. Since
I contains all the sets of the form H × N where H is a finite subset of N, M must be of the
form K × J where K is an infinite set. So there exists (m,n) ∈ N × N with m > r such that
xmn ∈ Vr. But xmn ∈ X \
⋃m
i=1 Vi, that is, xmn /∈ Vr which is a contradiction. So X must be
countably compact. 
Note that if I is a strongly admissible ideal of N×N, and if a double sequence {xij} in a topo-
logical space (X, τ) is convergent in the sense of Pringsheim to x0, then {xij} is I-convergent
to x0.
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Now we recall the following widely known result which will be needed in the next theorem.
Lemma. In a topological space (X, τ) the following are equivalent.
(a) (X, τ) is countably compact.
(b) Every countable collection of closed subsets of X satisfying the finite intersection property
has non-empty intersection.
(c) If F1 ⊃ F2 ⊃ F3 ⊃ · · · ⊃ Fn ⊃ · · · is a descending family of non-empty closed subsets of X ,
then
⋂
∞
n=1 Fn 6= ∅.
Theorem 4.5. Let I be a strongly admissible ideal of N × N. If (X, τ) is a first countable
countably compact space then (X, τ) becomes an I-sequentially compact space in the sense of
double sequence.
Proof. Let (X, τ) be a first countable countably compact space and let {xij} be a double
sequence in X. We consider Pn = {xij : i ≥ n, j ≥ n} for n ∈ N. Let R be the range set of
the double sequence {xij} and let Tn = {xij ∈ R : xij ∈ Pn}. Now
{
Tn
}
is a descending family
of nonempty closed sets and hence by above lemma we have
⋂
∞
n=1 Tn 6= φ. Let y ∈
⋂
∞
n=1 Tn.
Since (X, τ) is first countable there exists a nested countable local base {Bn(y)}
∞
n=1 at y. Also
we have Bn(y) ∩ Tn 6= φ for each n. Now let us take an arbitrary element an ∈ Bn(y) ∩ Tn,
for each n ∈ N. We define a double sequence {yij} where for each i ∈ N, yij = ai for
all j ∈ N. We shall show that {yij} converges to y in Pringsheim’s sense. Let V be an
arbitrary open set containing y. Then there exists a k ∈ N such that y ∈ Bk ⊂ V and since
Bn(y) ⊃ Bn+1(y) for all n ∈ N, it follows that for all i, j > k − 1, yij ∈ V and hence {yij}
converges to y in Pringsheim’s sense. Now since I is a strongly admissible ideal of N×N, {yij}
I-converges to y. So for any open set U containing y, {(i, j) ∈ N× N : yij /∈ U} ∈ I. Therefore,
{(i, j) ∈ N× N : yij ∈ U} /∈ I, since I is non trivial. Clearly the range set of {yij} is a subset
of the range set of {xij} and hence {(i, j) ∈ N× N : yij ∈ U} ⊂ {(i, j) ∈ N× N : xij ∈ U}.
Therefore {(i, j) ∈ N× N : xij ∈ U} /∈ I and hence (X, τ) is I-sequentially compact. 
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